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Abstract

For general Markov processes, the Green—Kubo formula is shown to be valid
under a mild condition. A class of stochastic evolution equations on a separable
Hilbert space and three typical infinite systems of locally interacting diffusions
on Z¢ (irreversible in most cases) are shown to satisfy the Green—Kubo formula,
and the Einstein relations for these stochastic evolution equations are shown
explicitly as a corollary.

PACS numbers: 05.70.Ln, 02.50.Ga, 05.40.—a
Mathematics Subject Classification: 82B35, 60J25, 60H15, 60K35

1. Introduction

The Green—Kubo formula is a fundamental law in nonequilibrium statistical physics
[22, 24-26]. It relates the diffusion coefficient to the time integral of the velocity (i.e.
derivative) autocorrelation function, and has been explored by many authors such as [1, 2, 12,
14, 15, 20, 22-25, 30, 32-34, 37, 38, 41]. Stochastic processes and deterministic or random
dynamical systems are considered as two of the most important mathematical approaches
dealing with the problems in nonequilibrium statistical physics [22, 25]. Ruelle [37] shows
that the Green—Kubo formula holds for smooth dynamical systems. Qian et al [34] derive the
formula for ergodic reversible Markov chains with finite states and a continuous time parameter.
Jiang and Zhang [23] show that the formula holds for general reversible Markov processes
based on the spectral representation theory. For finite Markov chains with a continuous time
parameter, Chen et al [2] deduce the formula without restriction of reversibility and ergodicity.
In [41], Spohn presents the Green—Kubo formula for several models with a strong physical
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background, such as some linearized hydrodynamic equations added to fluctuating currents,
and the hard core lattice gas in thermal equilibrium. In particular, he explains this famous
relationship from the physical view, and connects it with some interesting physical quantities.

For the purpose of applying the approach of stochastic processes to more extensive fields,
and more importantly, from Jiang, Qian and Qian’s view in [22] that for systems modeled
by stochastic processes, irreversible stationary processes can be taken as the mathematical
correspondent of nonequilibrium steady states in statistical physics; the question naturally
arises whether the Green—Kubo formula is still valid for general Markov processes, in
particular, stochastic evolution equations in infinite-dimensional spaces, without restriction of
reversibility. Since the Einstein relation is a special case of this formula, what is the Einstein
relation of infinite systems? In this paper, we attempt to investigate these questions in a
rigorous mathematical way.

This paper is organized as follows. In section 2, we first work with general Markov
processes on Polish spaces to obtain the Green—Kubo formula (see theorem 2.5). In section 3,
we apply these results to two classes of stochastic evolution equations in infinite dimensional
spaces, stochastic PDEs on a separable Hilbert space H (see equation (3.1)) and critical
interacting diffusions on 74 (see equation (3.9)).

In most cases, they are irreversible. On the one hand, it is a reasonable requirement that
some deterministic equations are subject to random external influences. On the other hand,
some stochastic equations, for example equation (3.1), are considered as the description
of an intermediate (mesoscopic) level, derived from the hydrodynamic limit [18]. The
noise term naturally appears in the fluctuation problem. So, it is interesting to consider
the Green—Kubo formula for the above equations, in particular, some exact relationships
between the diffusion coefficients (or diffusion operators) and the mobility (or drift terms)
with respect to their stationary distribution. In section 3, with some mild assumptions, we
verify that equations (3.1) and (3.9) satisfy the conditions in theorem 2.5. And then, using
theorem 2.5 for some special functionals, we obtain the equalities relating diffusion coefficients
(or diffusion operators) to the mobility (or drift terms) (see corollaries 3.3, 3.4, 3.6), which
can be regarded as the Einstein relation for equations (3.1) and (3.9) [25, 29].

Since there are some different definitions of diffusion coefficients, such as the asymptotic
diffusion coefficient in [1, 25] and the conditional diffusion coefficient in [2, 23, 28] or
this paper, the difference in these definitions leads to some different Green—Kubo formulas.
We attempt to clarify the difference and connection of these formulas by two examples (the
A-Langevin equations and the harmonic oscillator) in section 4.

Finally, some technical settings of stochastic evolution equations in infinite dimensional
spaces are presented in the appendix for the reader’s convenience.

2. The Green—Kubo formula for general Markov processes

Let E be a Polish space (complete separable metric space) and { X, },>¢ be a stationary Markov

—

process on a probability space (€2, F, P), with state space E and initial distribution . Let
L>(B,n) ={f:E—>R: f | f(x)|>u(dx) < oo}. Then L2(E, ) is a separable Hilbert
space with inner product (-, -),, where for any f, g € L*(B, ),

g = [ FOR@R@. 11y = . @1

Denote by {P;};>0 the transition semigroup of {X,};>o, that is, P, satisfies P, f(x) =
E[f(X)|Xo = x]. Itis well known that {P;},>0 is a contraction semigroup on L*(B, ).
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Assume that { P, },>0 is strongly continuous on L?(E, jv). Let A be the infinitesimal generator
of {P;};>0 on L*(2, ), ie.

D(A) = {f e L*(E, p): limM exists in L*(E, ,u)} ,

. woo 2.2)
Af =tim 2L =T
110 t

In [23, theorem 2.3 ], it is shown that the Markov process {X,},> is reversible if and only if
A is symmetric on L*(8, ).

Let P, be the o-algebra generated by {X; : s < t} (the process before time 7). For
any positive integer m, set an m-dimensional vector-valued observable ¢ = (@1, @2, ..., ¥n),
where ¢; € D(A), i =1,2,...,m. Similar to [2], we give the following definitions by using
the original idea in [28].

Definition 2.1. For anyt > 0, if the limit

O(Xrinr) — @(Xy)
At

Do(X,) = iit% E [

73,} 2.3)

exists as limits in L' (E, ), then Do(X,) is called the mean forward derivative.

Proposition 2.2. For any f € D(A),

1
iltrﬂ) A B Kevar) = f(X) Xy = x] = Af(x). 24

It is just the definition of the infinitesimal generator. Please refer to equation (4) in [23].
Definition 2.3. For any t > 0, we define the conditional diffusion coefficient for ¢(X,),

(@(Xsar) — (P(Xr))T((P(XHAt) —o(Xy)
At

Go(X,) = iltrf})E [ 7%} , 2.5)

if each element of the matrix exists in L' (8, ).

Go(X;) is a positive semidefinite matrix. Denote its (i, j) entry by G;;¢(X,). We write
(flu= f f(x)u(dx). Let (-) stand for the ensemble average, i.e. for any random variable X
on probability space (2, F, P), (X) = E(X). Since {X,},> is a stationary Markov process
with initial distribution , then forany i, j =1, ..., m, (G;j¢(X,)) is independent of 1.

Proposition 2.4. If ¢;, ¢; € D(A), then
(Gijo(X)) = —(A@i, @) — (AP, i) - (2.6)
The proof of proposition 2.4 is presented in subsection 2.1.

Remark 1. The existence of G;;¢ is implicitly assumed in the present paper, and it is natural
to assume ¢;¢p; € D(A) to guarantee this as presented in definition 3.3 of [23].

Our main result is as follows.
Theorem 2.5 (Green—Kubo formula). For the stationary Markov process {X,};>o, let
J={rel? @ w: im IPf = (Nullizgy =0} @7

3
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Then for any ¢;, ¢; € D(A) N J,
o0

(Gijp(X1)) =/0 (Dwi(Xo)Dtﬂj(Xz))dH/O (Dg;(Xo)Dyi(X,))dr. (2.8)

Corollary 2.6. Ifp; e DANT, i =1,2,...,m, then
1 o0
Em’GﬁD(Xz)) = / (Dp)" (X0)Do(X,)) dt, 2.9
0

where ((D9)" (Xo) Do(X,)) = 3/ (D¢i(Xo) Dgi (X))
The proofs of theorem 2.5, corollary 2.6 are presented in subsection 2.1.

Remark 2. Let 7 be the set of stationary distribution of {P;},;>0, and Z.y be the set of
extremal points of Z, i.e. the elements of Z. are ergodic probability measures for { P },>0.

(1) In fact, by the ergodic decomposition theorem (see [19]), for f € J, there must be an
ergodic measure v € Zey such that (f), = (f),.

(2) If p is an ergodic measure of finite Markov chains with continuous time, then it is clear
that 7 = L?(E, u). That is to say, theorem 2.5 implies theorem 1.4 of [2].

(3) Suppose that u is an ergodic measure, and {X,},> is reversible with respect to . By
the spectral theorem (see [27, P937] and remark IV.2 of [23]), it is easy to show that
J = L*(E, ). Thus (2.8) holds by theorem 2.5, and we have that

1 (o]
3(Giox) = [ (Do Dy X} ar 2.10)
0
That is to say, theorem 2.5 implies theorem IIL.4 of [23].
(4) However, for an ergodic measure p, if {X,},>¢ is irreversible with respect to , it is not
clear for us whether 7 = L?(E, u) or not. But the examples given in section 3 satisfy
this condition.

Before we give some applications of theorem 2.5 to stochastic evolution equations
on Hilbert spaces and infinite interacting diffusions in section 3, we would like to apply
theorem 2.5 to finite-dimensional diffusions without assuming reversibility. Although the
example is simple, it makes readers understand more easily the meaning of the Green—Kubo
formula in a nonequilibrium case.

Example 1. Assume that X = {X,},>¢ is a stationary diffusion on R? with an infinitesimal
generator

d d
| 1 d d 9
= V(AW +b(x) -V =2 ) ——aj(x)s—+) bi(x)—, 211
A=V (ANV) +b(x) 5 ,-,-Zzl 8xia1(X>3xj +§ 2 @10
where A(x) = (a;;(x))1<i<a,1<j<d> P(x) = (b1(x), ba(x), ..., bg(x))T and the components

of a;j(x) and b;(x) are smooth functions on R?. Moreover, we assume that the invariant
distribution of {X,},>0 has a positive smooth density p(x), and its transition semigroup is
strongly continuous on L>(RY, p) (see [17, 42—44] for the conditions guaranteeing these
assumptions).

Suppose for any i, j, x;, xj and x;x; € D(A) N J. For each fixed i, j, let ¢; (x) = x;,
@;(x) = x;; then direct computation yields that

4
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Ba,k

D;(x) = Dg;(x) = bi(x) + 5 Z (x),

— Bxk
= 2.12)
Ba]k

D;(x) = Dg;(x) = bj(x) + 5 Z

k=1

(x)

and G;;o(x) = a;;(x). Then, by theorem 2.5, we can obtain the following Green—Kubo
formula, for any i, j:

o0

/ Clij(x)/)(x)dx=f (Di(Xo)Dj(Xt))dl+/ ((Dj(Xo)Di(X,)) dt. (2.13)
R 0 0

Comparing (2.13) with the Green—Kubo formula of the reversible diffusion on R¢ presented
in [22] (example 4.3.9) or in [23] (example 3.5), there are some clear differences between
irreversible cases and reversible ones (see also remark 2 (3)).

Furthermore, by corollary 2.6, we have for ¢(x) = (x1, x2, ..., x)7,

{ d ~ | d
3 [ e = [ picxoice Jar 2.14)
<= 0 \ixt

2.1. Proofs of theorems

Proof of proposition 2.4. By definition 2.3, we obtain

1
(Gijp(Xn) = lsiIg ;E[(wi(Xm) = i (X)) (@ (Xras) — 9 (X1))]
1
= lim _E[2§0i(Xt)(Pj (X1) — i (Xp4) 9 (X1) — @ (Xi1s)0i (X1)]

1
= 1%1 ;[(cp,, ©idu — (Ps@i, ©j)u] +11m —[<<pj, Ol — (Ps@j, @il

_ <1. @i — Pyy; > < @; P 5@ >
= (lim ————, ¢;) +({lim——, ¢
510 S “ 540 N w

(by the continuity of the inner product)
= —(Agi, ¢j)u — (Apj, 0i)u. by ¢;, ¢; € D(A) and equation (2.2)) (2.15D)

Lemma 2.7. If f € L*(E, ) satisfies that

Jim [P f = {f )l =0, (2.16)
then for any ¢ € D(A),
tlim (P f, Ap), = 0. (2.17)

Proof. By Holder inequality, we have

(Pf = (f)er Ag) /|<Pf F)Agl d

<P f (f) ”LZ(M)”A@”LZ(M)
It follows from (2.16) that

hm (P f — (), Ap), = 0.
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Since w is invariant, (Ag), = 0. Thus,
tl_iI&(Ptfv A@)/}. = tl_i:Eo(Ptf - <f>//.v A@)/}. + <f)p.(~A(p>u

=0. 0
Lemma 2.8. Suppose that ¢;, ¢; € D(A), then
oo
| ey ot = 1o g, @.18)
0
holds if and only if
Tim (P, Agi), =0. (2.19)

Proof. When ¢ > 0, it follows from the semigroup equation’ (i.e. the Kolmogorov forward
equation) that

dPig; = P.Ag; dr,

(2.20)
and d(Pipj, Agi) = (P Apj, Ag;), dt.
Thus,
/;(PSA%, Agi)pds = (Pigj, Api)y — (@) A@i)pu- (2.21)
Taking the limitation, it yields that
[ 2w A s = lim (P A — (0. g @22)
By definition 2.1 and proposition 2.2, we have
/Ooo(Dfpi (Xo)Dy;(X,))dr = fooo(Pzij, Agi),, dt (2.23)
= lim (Pig;, Agi)y — (¢j, A@i)y. (2.24)
Hence equation (2.18) holds if and only if equation (2.19) is valid. (]
Proof of theorem 2.5. By proposition 2.4 we have
(Gijo(X)) = —(A@i, 9j) — (Ap;, ¢i)p-
Since ¢;, ¢; € D(A) N J we have by lemma 2.7
lim (Pipj, Agi)y =0, lim (Prg;, Agj), = 0. (2.25)
From lemma 2.8 we have
oo Avdu= [ (PAvy. g 2.26)
Ooo
o Ao = [P Agy), @27
This proves the expression givenoin equation (2.8). |

Proof of corollary 2.6. Note that (trGe(X,)) = Y i~ (Gi;¢(X,)). Therefore, by theorem 2.5
we have

(trGo(X,)) = ZZfO (Dgi(Xo)Dei (X)) dt = 2/0 ((D@)" (Xo) De(X1)) dr.
i=1

3 The reader can refer to pp 235-9 of [35] for the semigroup equation.
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3. The Green—Kubo formula for stochastic evolution equations

In fact, L?>-convergence, ergodicity and irreversibility with respect to the invariant measure
for general Markov processes are sophisticated topics in probability theory (see [21] and
references therein), which is not the main purpose of this paper. To illustrate the Green—
Kubo formula, we present two typical classes of stochastic evolution equations in infinite
dimensional spaces, of which L? convergence and irreversibility have been shown by Da Prato
et al [6], Chojnowska—Michalik et al [3], Deuschel [11] and Feng et al [16]. One is a class
of stochastic evolution equations in a separable Hilbert space, which has a unique invariant
measure. The other is a class of critical interacting diffusions on Z¢, which possesses infinitely
many extremal invariant measures. Both of them have been motivated by describing random
phenomena in physics, chemistry, and biology.

3.1. Stochastic evolution equations in Hilbert space

Let H and U be two separable Hilbert spaces (with norms |-|g, |-|y, and inner products
(Yu, (-)u, respectively). We are concerned with the following stochastic differential
equation:

{dx, = (AX, + F(X,))dt + BdW,, >0, G0

Xo=x € H,

where A : D(A) C H — H and B : U — H are linear operators, F' : H — H is a nonlinear
function, and W = {W,},> is a cylindrical Wiener process on U (for the precise definition of
the cylindrical Wiener process, please see definition 5.2 in appendix A.1).

Many kinds of dynamics in physics and chemistry can be modeled by equation (3.1), for
example, stochastic reaction—diffusion equations (see [5, 6, 8, 18, 31]). More information
about equation (3.1) can be found in [5-8, 31].

We assume that F is a Lipschitz function. Under hypothesis 5.4 in appendix A.1,
equation (3.1) has a unique mild solution {X,},>¢ (for the precise definition of mild solution,
please see definition 5.3 in appendix A.1). Let { P;},>( be the transition semigroup of {X;},>0,
defined by P; f(x) = E[f(X;)|X¢ = x] for any bounded Borel-measurable function f on
H. Under hypotheses 5.4 and 5.5 in appendix A.1, there exists a unique invariant probability
measure for { P;},;>0, denoted by u. By the results in [5] ([S], p 79), { P:};>0 can be uniquely
extended to a strongly continuous contraction semigroup on L?(H, 1), which is still denoted
by {P:};>0. We denote by A the infinitesimal generator of { P };>0 on L*(H, ). Let L(U; H)
be the space of all linear continuous operators from U into H, and L(H) be the space of all
linear continuous operators from H into H endowed with the norm

T = sup{|Tx|n : x € H, |x|g =1}, T € L(H).

Let C,(H; H) be the space of all uniformly continuous and bounded mappings from H
into H. Denote by C g (H; H) the space of all uniformly continuous and bounded functions
f : H — H which are Fréchet differentiable on H with uniformly continuous and bounded
derivative, and C7(H; H) the subspace of C}(H; H) of all functions f : H — H which are
twice Fréchet differentiable on H with uniformly continuous and bounded second derivative.
Denote by A*, B* the adjoint operators of A and B, respectively. Let C = BB* and N(0, Q)
be a Gaussian probability measure on H with mean 0 € H and covariance operator O, in H.
Here, Qox = fooo e'"AC e x dr, x € H (for the definition of Gaussian probability measures
on Hilbert space, please refer to [7, 31]).
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Proposition 3.1.

(I) (Proposition 3.42 in [5]). Assume that C = 1 (identity operator) and F € Cy(H, H).
Then

A is symmetric if and only if F = %V log p,
where p = ‘;—’]f, the Radon—Nikodym derivative of |1 with respect to v, v = N (0, Q).

(Il) (Theorem 2.4 in [3]). Assume that F = 0. The following conditions are equivalent.
(i) The semigroup P, is symmetric in L*(H, ).
(ii) If x € D(A*), then Cx € D(A) and
ACx =CA*x.
(iii) e'AC = C(e'Y)* forall t > 0.
Thus, from proposition 3.1, equation (3.1) is irreversible in most cases.

In addition, assume that C~' € L(H) and F € Cf(H; H), by proposition 3.29 in [5],
then we have for any f € L>(H, 1),

Tim 1P f = (Pullizgy = 0. (32)
That is to say, it is the same as J = L?(H, w) for use in theorem 2.5. Therefore,

Corollary 3.2. The Green—Kubo formula is valid in theorem 2.5 for the stochastic evolution
equation (3.1).

Now, for some special observable ¢, we give the explicit form of the Green—Kubo formula
for equation (3.1). Let ¢;, ¢; be bounded linear functionals on H. More precisely, we set
@i(x) = (&, x)p and ¢;(x) = (n, x)u, where §, n € D(A*) C H. Then direct computation
yields that

Dg;(x) = (x, A"€)y + (F(x), ) n, Dgj(x) = (x, A"y + (F(x), n)n.

We have the following result.

Corollary 3.3.

o0

(. &) = /0 (Dg;(Xo) Do, (X,)) dr + /O (D@, (Xo) Dgs (X)) dr

+ /((F(X), E)u(m. x)g + (F(x), n)u (€, x)n)du

+ /(QOOVIOgP»A*V((/)iQDj))H du. (3.3)
Proof. From lemma 2.45 in [5], one has

(O, A" +(Qoon, AE)n = —(Cn, &) 3.4
Recalling that p = % and v = N(0, O), it follows from proposition 2.46 in [5],

proposition 2.4 and (3.4) that
(Gijo(X1)) = —{@;, Api) . — (@i, Apj)

_ —/<x, AE)(n, X p dv — /(x,A*mH@,x)dev

- / (F(x), &) a0, x)u + (F(x), (&, x)m)p dv
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=~ [ (@Y @s0). 4" + 10V wip). A"y o
= [P, utnxon+ (@ e 3 mp v

=~ [t At + Q. OV~ [(QTp. A ()
= [ €@, evutn i+ (P e oy

= (Cn. 61— [0V Iog p. A"Vgig ) d

- /((F(X)f)H(n,X)H +(F(x), mu(§, x)n)dp. (3.5)
Therefore, corollary 3.3 follows from theorem 2.5 and (3.5). ([l

In particular, if ' = 0, the process {X,},>¢ is called Ornstein—Uhlenbeck process. Here,
n = N(0, Qo) is the unique invariant probability measure for {X,};>0. In this case, it is clear
that both the second term and the third term on the right-hand side of (3.5) vanish. Thus,

(Gijo(X))) =(Cn,&)n. (3.6)
On the other hand,

/0 (Dg;(Xo) Do (X,)) di + /0 (Dg;(Xo) Dgs (X)) dr

[e¢]

_ / E*[(Xo, AE) (X, An)1di + / E*[(Xo, An)(X,. A*E) ] dr
0 0

= /0 [/(x,A*s>H<x,(e’A>*A*n>Hdu} dr
+/0 [/(x, A*n)ux, (e’A)*A*aHdu] d

(o] (o]
= / (€' Qoo A™E, An)py dt + / (e Qoo A*n, A™§)py dr. 3.7
0 0
Therefore, from (3.6) and (3.7), we obtain the following result.

Corollary 3.4.  Suppose that F = 0; then the Green—Kubo formula for the Ornstein—
Uhlenbeck process {X;};>0 is

(. &)t = / (€4 Qo A"E, A"y di + / (€4 QA" AE) g di. (3.8)
0 0

In fact, (3.3) and (3.8) can be regarded as the Einstein relation for stochastic evolution
equations (3.1).

3.2. Critical interacting diffusion processes

In this subsection, three examples of critical interacting diffusion processes are shown to
satisfy the Green—Kubo formula.
Let I be a closed interval of R, and set E = 1% N J'(Z%), where #'(Z") denotes the

set of tempered configurations x € RZ" with >+ liD~27|x(i)])* < oo, for some p > 1.

9
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Assume d > 3. Let X, = {X,(i), i € Z%} be the system on [ defined by the following
stochastic differential equations:

dX, () = Zq,-th(i)dt+\/a(X,(i))dB,(i), ieZ?, 3.9
jeZd
where {B;(i)};ez¢ is an independent system of one-dimensional standard Brownian motions,
and Q = {g;;} is an irreducible Z¢ x Z? real matrix satisfying the following:

(H1) ¢g;; > 0,i # j, and Q = {g;;} is of finite range, that is g;; > 0 (i # j) for only finitely
many i, j € Z.

H2) —qii = 3. qij = 1.

(H3) gij = qo¢j-i)-

Then it was shown by Shiga and Shimizu [40] that the system (3.9) has a unique E-valued

strong solution {X,};>0.

Denote by £L(E) the set of Lipschitz continuous functions on E. (For the precise definition
of L(E), please see appendix A.2.) Then let £y(E) be the set of local Lipschitz functions
depending on finitely many coordinates, and Cg(E) be the set of all bounded functions
f : E — R depending on finitely many coordinates with bounded partial derivatives of
first and second order. We define {P,},> to be the transition semigroup of {X,},>0, and set
P, f(x) = E[f(X,)|Xo = x] for any bounded Borel-measurable function f on E. Here
{P;}i>0 satisfies

P,f—f:/o P, Afds for f e C5(B),

where A is the generator of {P;},>0, and

1 92 ad
Af() =5 ) a4 mAa > ( > cmx(j)) PRETA (3.10)

iezd iezd \ jezd

In this paper, we are interested in the following three concrete examples which have physics
and biology background.

(1) The critical Ornstein—Uhlenbeck process (see [10, 11]). In the system (3.9), we set
I=R and a(y) =1, yeR.

As pointed by Deuschel in [11], for each 7 € R, there exists an extremal { P, };>¢-invariant
measure i = u(t) (Gaussian measure) on E with constant mean T € R and covariances

cov, (x(i), x(j)) =/ e'Q(i, j)dt, i,jezi.
0

In fact, from proposition 3.1, the critical Ornstein—-Uhlenbeck process {X;};>¢ is
irreversible in most cases.
(2) The continuous time stepping stone model (see [11, 39]). Set

I =10,1] and a(y) =y —y), y € [0, 1].

Such a system is called a continuous time stepping stone model which comes from
population biology. By the results in [16] (see example 1 in [16]), the stepping stone
model is irreversible. Shiga [39] has shown that there exists an extremal { P, },>-invariant
measure i on & for each t € [0.1] such that, each f € Ly(E)

lim P f(0) = (£, and X)) =1, iezd.  (3.11)

10
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(3) The measure-valued critical branching random walk (see [9, 11, 13]). Set
I =R* and a(y) =y, y € R*.

As pointed by Deuschel in [11], foreach t € R™, there exists an extremal { P, },>¢-invariant

—

measure p on & satisfying (3.11). However, we do not know the irreversibility of the
measure-valued critical branching random walk. Although we think it is irreversible, we
cannot give a proof immediately.

It is shown that {P,},>¢ simply has a unique extension to a strongly continuous contraction
semigroup on L*(E, u) (which is still denoted by {P:};>0) in appendix A.2. If u is an
extremal invariant measure of {P},>o, then due to the results in [11], for any f € L(E),
im0 1P f — (f)ullL2gy = 0. Since L£(E) is a dense subset of L?*(E, u), then for any

feL*E, w),
tlgglo NP f = (ullz = 0.
That is to say, it is the same as J = L%(E, u) for use in theorem 2.5. Thus,
Corollary 3.5. The Green—Kubo formula is valid in theorem 2.5 for the above three processes.

Furthermore, for fixed i, j € 74, let @i (x) = x(@i), ¢;j(x) = x(j). For B : 74 — R, set
0BGi) = X, qiB(k) and e'CB(j) = X, e'9(j, k)B(k), respectively. Then, we obtain the
following Green—Kubo formula from equation (3.9).

Corollary 3.6.

8, o (n) = /0 / (Qx(i)) (e Qx(j)) duds + /0 f (0x(j)(e?Qx (i) dudt,
(3.12)

where §(i, j) = 1, ifi = j; 8@, j) =0, ifi # j, and 0*(n) = fa(x(i)) du, which is a
constant independent of i.

Proof. Note that Ag; (x) = Y, gix(l) and Ag;(x) = >, q;ix(l). Therefore, proposition 2.4
implies

(Gijp(Xn) = — E qiz/X(j)x(l)dM— E sz/x(i)x(l)du- (3.13)
I I
From the proof of lemma 2.3 in [11], we have

S [xir@du+ Y [ i du = -6, oo,
!

l

where o2(u) = f a(x(i)) duis a constantindependent of i € Z? because of the shift invariance
of w. Substituting in (3.13), it yields

(Gijo(X) = 8(i, o* (). (3.14)
On the other hand,

Dgi(x) = Ag;i(x) = Y _qux(k),  Dg;(x) = Ap;(x) =Y _ qux(l).
k !

In fact, they are just the drift coefficients of {X;};>0. By lemma 1 in [4], we have

E*X,(I) =Y €2, m)x(m). (3.15)

11
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Taking (3.15) into account it follows that

/ E”[ZQikXO(k)ZQﬂXt(l)} dl=/ /Zqikx(k)ZqﬂExX,(l)dudt
0 k ! 0 k I
:/ /Z%‘kx(k)qu‘lzetg(l,m)x(m)dudt
0 k 1 m

= /0 /(Qx(i))(Q e'Cx(j))dudt

= /0 / (0x(i))(e"2Qx(j))dudt.

By a similar argument, we obtain

/0 E“[Zqﬂxoa)zqikxt(k)}dt= /0 / (Qx(/))(e© Qx(i)) dpudr.
! k

Therefore, the conclusion follows from theorem 2.5. O

4. A comparison between two types of diffusion coefficients

Besides the conditional diffusion coefficient (see definition 2.3 in section 2), there is an
asymptotic diffusion coefficient given in [1, 25]. We compare two types of diffusion
coefficients through two examples in this section.

Suppose that (v, (), vy(¢)) is the velocity. Let the instantaneous position be

x(1) :x(0)+/ ve(s)ds = x(0) +6x(2). “.1)
0
y(t) is similar.

Definition 4.1. (See equation (11.8) in [1]) The asymptotic diffusion coefficient is defined by
im0 $(8x2(1)).0
1—00 gy .

Example 2. For the A-Langevin equations [1, pp 181-6]

duo.()| _[—-r Q|[v(® dB; (1)

|:dvy(t)i| = [—Q —r:| |:vy(t):| di+o [de(t)}’ 4.2)
where r > 0, Q2 > 0, and (B, (¢), B»(¢)) is the standard two-dimensional Wiener process.
Clearly, (v, (¢), vy(¢)) has an invariant distribution. It is shown in [1, p 186] that

t—o00 At

lim di(sz(t)) - wa(vx(t)vx(O))dt. 4.3)
0

Equation (4.3) is also named as the Green—Kubo formula.

The process associated with a complete set of variables {§; = (x(¢), y(¢), v (?), v, (?))}
is the Markov process. The mean forward derivative of x(¢) is exactly v,(¢). However,
the process {&;};>0 has no invariant distribution, which prevents equation (2.8) from being
used.

6 The % is elided here.

12
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Example 3. Suppose p(t) is the momentum. For the harmonic oscillator [36, 45], the explicit
equations of motions are

ar =2 ar
m

dp = (—ma)%x — yp) dt + /2kTmy dB(t),

where B(r) is the standard Brownian motion on the real line. {& = (x(7), p(1))},> is a
two-dimensional Markov diffusion with invariant distribution

2.2 2
wo mawgx p
p(x, p) = —CXP{— : }

4.4)

27kT 2T 2mkT

2.2 1 2
= M exp {_mwox } . exp {_ p } , (45)
V2 KT 2kT 27mKT 2mkT

and Dx(t) = % By theorem 2.5, definition 4.1 and direct computation, we have that

m m

d o0
(Gx(1)) = lim — (8x%(1)) = 2/ < (4.6)
t—oo dt 0
The asymptotic diffusion coefficient and the expectation of the conditional diffusion coefficient
are identical now. This means that these two different diffusion coefficients lead to the same
Green—Kubo formula for this example.

Remark 3. Although we obtain equation (4.6), we have to employ the special form of
p(x, p). At present, it is not clear to us whether this equality always holds for general
Hamiltonian systems perturbed by random force with stationary distribution. This is an
interesting problem in our future research.
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Appendix

A.l. Setting of stochastic PDE (3.1)

Denote by L(U) the space of all linear continuous operators from U into U. Let ¢;, k € N,
be an orthonormal basis of U and Q € L(U) be nonnegative, symmetric and with finite trace,
ie trQ < oo, where trQ = Y, (Qex, e)u, if the series is convergent.

Definition 5.1. (Q-Wiener process, see [7, 31]). A stochastic process W(t), t € [0, T]
(where T is a positive real number), on a probability space (2, F, P) is called a (standard)
Q-Wiener process on U if

(1) W(0) =0,
(2) W has P-a.s. continuous trajectories,

13
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(3) W has independent increments, i.e. the random variables
W), W) — W), ..., W) — Wt,-1)
are independent forall 0 < t; < ---<t, < T, neN,
(4) the increments have the following Gaussian law:
Po(W(@) — W(s))f1 =N, —5)Q) forall 0<s<t<T,

where N (0, (t —s) Q) is a Gaussian probability measure on U with mean 0 and covariance
operator (t — s)Q on U.

In fact, Q is not necessarily of finite trace. In the case that trQ = +00, we will give the
definition of cylindrical Wiener processes. Let Uy = Q% (U) and U, be an arbitrary Hilbert
space such that U is embedded continuously into U; and the embedding (denoted by J) is
Hilbert—Schmidt. A bounded linear operator K : U — H is called Hilbert—Schmidt if

> IKel}; < oo,
keN
where ¢, k € N, is an orthonormal basis of U.

Definition 5.2. (Cylindrical Wiener processes, see [7, 31]). Let &, k € N be an orthonormal
basis of Uy and By, k € N, be a family of independent real-valued Brownian motions. The
formula

o0
W =) BJe,  1€l0,T],
j=1
defines a Q;-Wiener process on U; with trQ, < +o0o, where Q1 = JJ*. The process
W(t), t > 0, is called a cylindrical Wiener process on U.

Let Cw([0,T]; H) be the space of all continuous mappings f : [0,T] —
L*(Q2, F, P; H) which are adapted to W, that is f(¢) is F;-measurable for any s € [0, T],
where F; is the o -algebra generated by all B (s) with s < 7 and k € N. Now let us introduce
the notion of mild solution.

Definition 5.3. (Mild solution, see [5, 7, 31]). A stochastic process X € Cw ([0, T]; H) is
called a mild solution of problem (3.1) if

t t
X () =ex +/ e"IAF (X (s))ds +/ e DAB AW (s),
0 0
where the appearing integrals have to be well defined, and e is the strongly continuous
semigroup generated by A.

To show the existence and uniqueness of mild solution of problem (3.1), it is convenient
to introduce the following assumptions.

Hypothesis 5.4.

(i) A : D(A) C H — H is the infinitesimal generator of a strongly continuous semigroup

etA

(ii) B € L(U; H).
(iii) For anyt > 0 the linear operator Q, is of trace class, which is defined as

t
Q:;x = / eSAC e xds, xeH, >0,
0
where C = BB*, and A* and B* are the adjoint operators of A and B respectively.

14
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(iv) There exists K > 0 such that

[F(x) = F()lu < Klx = ylu, x,y €H.

By the Hille—Yosida theorem, there exist M > 0 and w € R such that

llle" 4[]l < M e, t>0. (A1)

By theorem 3.2 in [5], equation (3.1) has a unique mild solution {X,};>0. Let { P;};>0 be
the transition semigroup of {X,},>¢, defined by P; f (x) = E[f(X,)|Xo = x] for any bounded
Borel-measurable function f on H. In order to show the existence and uniqueness of invariant
probability measure, we need the following additional assumptions:

Hypothesis 5.5.

(i) (5.1) holds with M = 1.

(ii) o+« < 0, where

. {(F(X)—F(y),x—ym
k = inf

2
|x_y|]-1

:x,yeH}.

It follows from theorem 3.17 in [5] that there exists a unique invariant probability measure
for { P };>0, denoted by L.

A.2. Setting of critical interacting diffusion processes

Let C(E) be the set of all bounded continuous functions on E and £(E) be the set of Lipschitz
continuous functions f : E — R satisfying

G = FDII< D8Pl = yil,

iezd
where 8(f) = {8;(f) : i € Z} denotes the oscillation of f:
|f(x) = Fl

:xi>yiandxj:yjf0rj7éi},
Xi — Vi

&i(f) = SUP{

and |8()lh = X icz0 8 (f) < 00
On the one hand, for any f € C(E)

[ietans [rran= [ 7 au. (A2)
On the other hand, for any f € C(E), by the dominated convergence theorem,

lim/ |P,f — fI?du = /lim|P,f—f|2d,u, =0. (A.3)

10 t}0

Since C(E) is dense in L*(E, ), {Pr}:>0 has a unique extension to a strongly continuous
contraction semigroup on L>(E, i) (which is still denoted by {Pr}i>0).
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